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Abstract 

A Riemannian manifold is called harmonic if its volume density function expressed in polar 
coordinates centered at any point of the manifold is radial. Flat and rank-one symmetric spaces 
are harmonic. The converse (the Lichnerowicz Conjecture) is true for manifolds of nonnegative 
scalar curvature and for some other classes of manifolds, but is not true in general: there exists a 
family of homogeneous harmonic spaces, the Damek-Ricci spaces, containing noncompact rank-one 
symmetric spaces, as well as infinitely many nonsymmetric examples. We prove that a harmonic 
homogeneous manifold of nonpositive curvature is either flat, or is isometric to a Damek-Ricci space. 

1 Introduction 

Let M" be a Riemannian manifold, with V the Levi-Civita connection and R the curvature tensor. Let 
7(t) be a unit speed geodesic of M", with 7(0) — x ^ Af", 7(0) — X ^ T^M"-. Define a Lagrange tensor 
A{t) e End(T^(t)Af" n 7(t)^) along 7 by 

V^(t) V^(t) + o A - 0, A{0) - 0, VxA - id;^ ^ , 

where R'y{t) = R{-,'y{t))j{t) is the Jacobi operator. The function Vx,x{t) = det A{t) is the volume 
density function. 

Definition. A Riemannian manifold M" is called harmonic if its volume density functions Vx^x{t) 
depends neither of nor of X. 

Equivalently, for any point x G Af", there exists a nonconstant harmonic function defined on a 
punctured neighborhood of x and depending only on the distance to x; the mean (or the scalar) curvature 
of small geodesic spheres depends only on the radius (see jBTVI Ch.2.6], [21 Ch.6] for other equivalent 
definitions). 

Expanding the volume density functions in the Taylor series one gets an infinite sequence of con- 
ditions, the Ledger formulas, on the curvature tensor and its covariant derivatives, first two of which 
being 

Ric(X,X) =Tri?x Tt{Rx)^ =H\\X\\\ (1) 

with some constants C, H (see, for instance, jB) Ch.6.C]). In particular, any harmonic manifold is 
Einstein. 

Flat and rank-one symmetric spaces are harmonic, as the isometry group of each of them acts 
transitively on its unit tangent bundle. In |^, Lichnerowicz conjectured that the converse is true: any 
harmonic space is two-point homogeneous. 

The Lichnerowicz Conjecture is known to be true for: 
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(a) manifolds of positive scalar curvature (compact manifolds with finite fundamental group) and Ricci- 
flat manifolds [Fmi^: 

(b) compact manifolds of negative curvature f |BCG| . using the result of |FL| on asymptotic harmonic- 

ity); 

(c) manifolds of dimension n < 5 (|01|W] for n < 4 and [N] for n — 5); 

(d) symmetric spaces [T] . 

and also for some other classes of manifolds. 

However, in 1992, Damek and Ricci jDR| discovered an infinite series of harmonic homogeneous non- 
compact spaces, which are, in general, non-symmetric, thus disproving the Lichnerowicz Conjecture. A 
Damek-Ricci space is a solvmanifold (a solvable Lie group with a left invariant metric) whose Lie algebra 
is constructed as follows. Let n = 30u be an orthogonal decomposition of a nilpotent Lie algebra n with 
the center 3, and with [u, u] C 3 (n is called two-step nilpotent). For Z G 2i, define a skew-symmetric 
operator : u ^ u by {JzX, Y) = {Z, [X, Y]), for X,Y £ u. A Lie algebra of a Damek-Ricci space is 
g = n ® o, with a a one-dimensional space orthogonal to n, and with 

adA|u = |idu, ad^|3=Aid3, j| = -A||Z|pidu, 

for all Z e 3, where A is a unit vector in a and A a positive constant (the operators Jz are constructed 
using Clifford modules). 

Note that rank-one noncompact symmetric spaces (including the real hyperbolic space, if one allows 
u = 0) are specific cases of Damek-Ricci spaces. Recently, in BPR. it was proved that a rank one 
three-step harmonic solvmanifold is a Damek-Ricci space (this strengthens the result of [Dl)- In |H1| . it 
is proved that a homogeneous Hadamard manifold is harmonic if and only if dim a = 1 and the geodesic 
symmetries are volume preserving: Vx,x{t) = Vx,-x{t) for all X G T^M". 

For further results on harmonic spaces and Damek-Ricci spaces we refer to |BTVll^2] . 

All the known harmonic spaces are homogeneous. This raises two questions: 

1. Is a harmonic space necessarily homogeneous? 

2. What are homogeneous harmonic spaces? 

The first question was asked in |BTVl Ch.4.5], and to the best of our knowledge, is still open 
(for spaces of negative scalar curvature). In this paper, we deal with the second one. Replacing the 
assumption of negativity of the Ricci curvature by a stronger one, the nonpositivity of the sectional 
curvature, we prove the following: 

Theorem. A harmonic homogeneous manifold of nonpositive curvature is either flat, or is locally iso- 
metric to a Damek-Ricci space. 

In Section El we give the plan of the proof of the Theorem, the proof itself is contained in Section |31 

2 Plan of the proof 

By the result of jAK| . a Ricci-flat homogeneous space is flat. In what follows we therefore assume that 
the scalar curvature is negative. 

As it follows from [Sl lHel (see also |AWlir^W2p . a homogeneous manifold of non-positive curvature 
is a solvmanifold, that is, a solvable Lie group G with a left invariant metric (from this point on we 
denote the manifold G instead of M). What is more, the orthogonal complement a to the nilradical 
^ — [07 0] is an abelian subalgebra of the Lie algebra g of G. By the result of | H1I Theorem 4.7], G is 
harmonic, only if dimo ~ 1. 
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Furthermore, any harmonic manifold is Einstein, so by jAWl| (see also |H2| ). G is isometric to a 
solvmanifold of Iwasawa type, which, when dim a = 1, means that a unit vector A G a can be chosen in 
such a way that the operator D :— ad^|n is symmetric and positive definite. 

So, what we really have to prove, is that a harmonic solvmanifold 

(i) of Iwasawa type, 

(ii) of rank 1 (i.e., dim a — 1), and 

(iii) of non-positive curvature 

is either flat, or is a Damek-Ricci space. Note that we already used the assumption of nonpositivity of 
the curvature, but it will still be needed once again further in the proof. 

We have an orthogonal decomposition of n on the eigenspaces of D. Namely, for a > 0, let tIq = 
{X e n : DX = aX}, so that £>|n„ = a id\„^, and let A = {a : dimria > 0}. 

As Z? is a derivation of n, [via, n^] C xXa+p- In particular, if A = max A, the biggest eigenvalue of D, 
then the eigenspace n\ lies in the center 3 of n. 

We start with choosing (and fixing) a unit vector Z G n\ C ^ and considering a geodesic of G 
passing through e S G in the direction Acos(/) + Z sin cf). When = 0, the geodesic Fq {the abelian 
geodesic) is a one-dimensional subgroup of G : Fo(<) = cxpg(<yl). This is no longer true for an arbitrary 
(j). However, the fact that the subalgebra Span(j4, Z) is tangent to a hyperbolic plane, which is totally 
geodesic in G, makes it possible to find the equation of the geodesic F^ explicitly, for any 0, and 
significantly simplifies the equation for Jacobi fields along F^ (Lemmas 13 El EJ- 

As the solvmanifold G is harmonic, the volume density function V{t,(j)) := Ve,Acos (p+z sin(f>it) along 
F0 must not depend of cj). Moreover, along the abehan geodesic Fq, V{t, 0) = nQeA('^~^ sinhat)'^"""° . 

Considering the Taylor expansion of V{t,(j)) at = we find that ■j^{V{t, (j)))^^o = (in fact, 

V{t,(j)) is an even function of 0), but the condition ■^{V{t, (j)))^=o = gives nontrivial restrictions on 
the eigenvalue structure (Lemma UJ: 

adimn„ = (A - a)dimnA-a {2X)-^TT{JzJz)\nJ, foraeA\{A}, 

where JzX — &d*xZ for X e n. It follows that the eigenvalues other than A and -^A (if the latter is an 
eigenvalue) come in pairs: a, A — a. What is more, the above equation, together with the fact that the 
curvature is nonpositive, implies that A C [^A, |A] U {A}. 

Using [H2| Theorem 4.14] we further narrow the set A in LemmaEl A C {jA, ^A, |A, A}. 

Next, in Lemma [7| we apply the second Ledger formula to prove that J^X ~ — A^||Z|pX for all 
X G "a/2i Z e ua, and that the cases ^A € A and {|A, |A} n A 7^ are mutually exclusive. Then 
either A C {^A, A}, which leads to Damek-Ricci spaces, or A = {^A, |A, A}. To finish the proof it 
remains to show that in the latter case, the volume density function V(t, (j)) of such, quite a specific, 
solvmanifold depends on (j). This is done in Lemma |H1 the coefficient of t^ in the Taylor expansion of 
V{t, 4>) appears to be nonconstant. 

3 Proof 

3.1 Notations and basic facts 

Let G be a solvmanifold of Iwasawa type, dim G = n, and g = a n be an orthogonal decomposition of 
its Lie algebra, with the nilradical n = [0,fl] and dim a = 1. The operator D = ad^|„ is symmetric and 
positive definite (for one of two possible choices of a unit vector A £ a). 

For a > 0, let Hq. = {X G n : DX = aX}. Denote A = {a : dimna > 0}, and let A = max A. We 
have [via, np] C na+p, so in particular, Ua C 3, the center of n. 
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For a e A, let = dimriQ, the multiplicity of the eigenvalue a of D. We denote Ai, A2, . . . , A„_i 
the eigenvalues of D counting multiplicities, so that (Ai, A2, . . . , A„_i) contains Ua copies of each a G A. 
A particular labelling of the A^ 's will be specified further in the proof. 

For Z G Ha, define a skew-symmetric operator : — by {JzU, V) — {Z, [U, V]). 

For left invariant vector fields, the connection and the curvature are given by 

VvW = U{V,W) + ^[V,W], where {U{V,W),Y) ^ ^{{V,[Y,W]) + {W,[Y,V])), (2) 



RiX,Y,Y,X) = \\U{X,Y)f - (UiX,X),U{Y,Y)) - l\\[X,Y]\\^ 

- ^{[X,[X,Y]],Y) - ^{[Y,[Y,X]],X), (3) 

respectively. As usual, we identify left invariant vector fields on G with their values at e. 
In the following Lemma, we collect some simple facts to be used further in the proof. 

Lemma 1. Let Z G tia C 3 be a unit vector and n = n n Z^ . Then 

1. JzZ = — AA, JzA = XZ, Jzn C n, Jz^a C ha^q. In particular, Jz^a — 0, when A — a ^ A. 

2. The restrictions of the symmetric operators and D to their invariant subspace n commute. 
For every a € A, there is an orthogonal decomposition iXq = (Uq H KerJ^) ® (Hq H (KerJ^)^). 

3. WaU = for any left invariant vector field U (in particular, exp(iyl) is a geodesic). 

4. The distribution T> = Span(y4., Z) on G is totally geodesic; its integral manifolds are isometric to 
the hyperbolic plane of curvature —}? . 

Proof. 1. The first two equations follow from the definition of Jz- As Span(A, Z) is an invariant subspace 
of Jz, its orthogonal complement n also is. Moreover, for X e na,Y e np, {JzX,Y) = {Z, [X,Y]), 
which can be nonzero only when [X, Y] € n\, that is, when a + P — X. 

2. The first claim follows from the fact that Jz^a C tia-q and -D|n„ — id|nc- To prove the second 
one, notice that Jz and have the same kernel and cokernel. 

3. Follows from 

4. The distribution V is integrable, as [A, Z] = XZ e V. Its integral submanifolds are totally 
geodesic, since VaA = VaZ = 0, VzZ = XA, VzA = -XZ. By ©, R{A,Z,Z,A) = -X^. 

□ 

In the next Lemma we consider a geodesic ^ipit) of G lying in the hyperbolic plane introduced in 
assertion 4 of Lemma ^ (dot stands for ^). 

Lemma 2. Let T^(t) be a unit speed geodesic of the solvmanifold G, which passes through e in the 
direction A cos 4> + Z sin (jj, where Z € n\ is a unit vector. Then 

1. The velocity vector T^{t) ofT^{t) is given by 

t^{t) ^ qA + $Z, where 
— sinh Xt + cos cf) cosh Xt ^ sin 2 ^2 ^ 

cosh A^ — cos (j) sinh Xt ' cosh Xt — cos sinh Xt ' 

2. The vector bundle n along is orthogonal to T^(t) and is invariant with respect to Vp ^^-j. For 
a left invariant vector field X n, 

^r,it)^-~-2^JzX, (5) 



3. The bundle n is invariant with respect to the Jacobi operator i?p^(-j-), and 

— (' „2 n2 1 ^2 72 \ /f>2 7-1 I 1 „^ r n 



%m|fi = - I'^^Jz - ^^^D + ig$ [D, Jz])|s. (6) 
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Proof. 1. As it follows from assertion 4 of Lemman] the geodesic lies in a totally geodesic hyperbolic 
plane M{—X'^) — exp(Span(A, Z)) C G passing through e. It follows that T^{t) = qA + (f>Z, with some 
functions q — q{(j), t) and $ = $(0, t) satisfying q^ + = 1. The fact that Vp_^(-j^r0(t) = implies that 

$ = A^g, q + = 0. Solving this, subject to the initial conditions 0) = cos0, $(0,0) = sin0, 
we get what required. 

It is not difhcult to find the equation of the geodesic ^^{t) explicitly, but we won't need it. 

2. This follows immediately from assertion 1 and the fact that = (assertion 3 of Lemma ^) 
and WzX = -^JzX (equation lO). 

3. The fact that n is an invariant subspace of Rt^(t) follows from assertion 4 of Lemma ^ Equation 
© is a direct consequence of ©■ □ 

3.2 Jacobi fields and the volume density function 

In this subsection, we find the equation of the Jacobi fields along the geodesic ^,p{t), and then calculate 
£,V{t,cj,) at = 0. 

By assertion 2 of Lemma ^ the symmetric operators D^^ and J^|- commute, so we can choose an 
orthonormal basis Xi, . . . , Xk,Yi,Y2, . . . , l2j,_i, l2p, Vi, V2, . . . , V2m,-i, V2m (fc + 2p + 2to = n - 2) in n 
in such a way that 

D{X,) = X,X„ JzX,^0, j = l,...,fc, (7) 

D{Y2^-l) = \\Y2^-U D{Y2i) = \\Y2^, JzY2^-l = a,Y2^, J zY2^ = -a,Y2^-^, Z = 1, . . . ,p, (8) 

D{V2l-l) = \lV2l-l, D{V2l) = {\-\l)V2U JzV2,-l=blV2l, JzV2l=-blV2l-l, 1^1,. ..,171, (9) 

with ai,bi 7^ and A; < ^A (note that the A's here need not to be distinct: for instance, some of the 
Aj's, with j = 1, . . . , k can be equal to ^A, or to one of the A; or A — A;, 1 = 1,..., m). 

The vector bundle n along splits into orthogonal sum of one-dimensional subbundles Span(Xj) and 
two-dimensional subbundles Span(y2i_i, 121), Span(V2i-i, V2i), each of which is invariant with respect 
to both Vp^(-j^ and the Jacobi operator R-p^it) (assertions 2 and 3 of Lemma|21)- So the Jacobi equation 
along splits into a set of single equations and pairs of equations. We have the following: 

Lemma 3. The volume density function V{t, (p) along the geodesic has the form 

v{t,cp)= n n y' n «;(*,</>), ( lo) 

j = l i=l 1 = 1 

where the functions Xj(t, (f) and yi{t, (p) are determined by 

xj = (A^ + (A - Xj)Xj<l>^)xj, Xj{0, (j)) = 0, Xj{Q, 0) = 1, (11) 

V^ = {\\^ + ^^^^)y^, 2/^(0,0) = 0, 2)^(0,0) = !, (12) 

and the 2 x 2-matrix vi{t,(f)) satisfies 

vi + bi^^ _^ ^ jvi+^ -(g^Af + AA;$2) j"'-0' «;(O,0)=/2, 

where A[ = A — A;, and I2 is the 2x2 identity matrix. 7/0 = 0, then $ = 0, q = 1, and so 
Xj{t,0) = J- sinh Xjt, yi{t,0) = l-sinh-li, vi{t,0) = diag( sinh A;t, p- sinh AJt) and 

k 



sinh At -r-r sinh A,t -TT /sinh -^tx 2 ™ sinh A;t sinh A(t -i-r /sinhatA"" 

nM)=^n^n(^)n — xj^-ni-^} • (^4) 
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Proof. Consider Jacobi fields along the geodesic F^, orthogonal to f ^(i) and vanishing at t = 0. First of 
all, as the distribution V — Span(A, Z) is tangent to the totally geodesic hyperbolic plane of curvature 
— (assertion 4 of Lemma^, there is a Jacobi field along r^{t) lying in V, whose contribution to the 
volume density function is sish2i*_ Moreover, all the Jacobi fields whose derivative at t = is orthogonal 
to T>, remain orthogonal to T) for all t. From ^ we have: 

■ {-a^ - a (A - X e n„ n Ker Jz, X ± Z; 

^f,(t)^= <( + Xen^/2n(KcrJz)^; (15) 

I ' -q^a^ - Aa$2)x _ i$2 j|X + ig$(A - 2a)JzX, X £ (KerJ^)^, a 7^ |. 



Let now Xj be a unit left invariant vector field defined by (jT)). As Span(Xj) is invariant with respect 
to both Rr^(t) ^'^^ ^f^(t)' there is a Jacobi field scalar proportional to Xj. From Q and the first line 
of 115(1 we find that the scale factor Xj{t,(f) satisfies (|11|) . 

Similarly, the left invariant vector bundle Span(V2(-i, V2;) defined by © is invariant with respect 
to both Rr^(t) ^^'^ ^r^{t)^ hence it contains two linearly independent Jacobi fields vanishing at i = 0. 
From (|SJ, the fact that $ = Xq^ (assertion 1 of Lemma |21l and the third line of (|15|l it follows that the 
2 X 2-matrix vi{t, (f) of their components with respect to the orthonormal basis V21-1, V21 satisfies ((1311 . 

The same arguments for the left invariant vector bundle Span(y2i-i, ^2i) defined by JHl give two 
linearly independent Jacobi fields, whose coordinates in the orthonormal basis y2i-i,^2i satisfy the 
equation 

iiii + ai^Jwi + ^Ut^Jw^ ~ jX^{l + ^'^)'Wi = 0, with ii;i(0, (/)) = 0, Wi{0, (j)) = I2, 

where J ~ ( -1 o)- Substituting Wi — exp(— ^0.; /J ^Jdt)zi we get Zi — j{X^ + (A^ — a^)$2)zi, with the 
initial conditions Zi(0,(/)) = 0, Zi{0,(j>) = I2. It follows that the 2 x 2-matrix Zi is proportional to the 
identity matrix, and detzj = y^, with the function yi given by ((12(1 . □ 

Lemma 4. Let Xj{t^(f)), yi{t,(j)) and vi{t,(j)) satisfy ((11() . ((12() and ((13(1 . respectively. Then, in a 
neighborhood of {t, 4>) = (0, 0), 

x,{t,cb) = '"'^ (1 + y e^* sinh Xt (t) + o{4>'')) , y,{t,(t>) = ^^^^ (l + ^e^* sinh At y,(<) + 0(0^)) 



sinh Xit sinh X',t , dp' 



where 



detvi{t,4>) = — — ^ _L(i + r_eAtgjj^]^^^ vi{t) + o{4)^)) , 

Xi Aj z 



Xj{t) = (A coth At - Xj cothAj t), (16) 

A(A + Xj) 

m{t) = ' (2 coth At - coth|t), (17) 

2(A2 + 2AiA;) - A;(62-2AA;) A;(62 - 2AA;) 

W = 2(a + ao(a + a;) + + 2A2(a + a;S ^''^ 



V^(t,(/.) = l^(t,0)(l + ^e^*sinhAt i^.(t) + 2^ y,(t) + ^ {)Kt)) +0(0^)). (19) 
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Proof. Both the equation 1111) and 112|l have the form 

/ = (c? + C2<i>2)/, /(0,(/.) = 0, /(O,0) = l, 

with some constants ci € (0, A) and C2. Expanding /(i, 0) = /o(t) + 4>fi{t) + ^f2{t) + o{(p'^), using the 
fact that <i>^(t, 0) = (jPe^^^ + o(0^) (from |0J), and substituting to the equation above, we find: 



sinhcii , , , , coe^* 



/o(i) = , — 0, /2(^) = — 2t('^^^^^''1^'^°^^'^^ ~ "-i '-"^^'-i^^^^^^''^^)' 



which gives the required expansions for Xj{t, (p) and yi{t, 4>). 

Similarly, for the matrix vi(t, 0), the solution to (|13|l . we have: 



° ^ rh—^f (A;sinhA;t-e^*A;SinhA;0 

2AA, a; (^i sinh X[t - e^'\[ sinh A^i) 



r, Q A * / / A cosh Xt sinh Xit — Xi sinh At cosh A; t r\ 



2 aA;A; y 



Acosh At sinh Ajt-Aj sinh At cosh Ajt I ), 



a+a; 

and the expansion for det vi{t, cp) follows. □ 

Note (although we won't use this) that the equation (|ll|l can be solved in the closed form by the 
reduction of order: x{t,(j)) = (cosh Ai — cos (/fsinhAt)'*'^/''' Jg (coshAw — cos (/)sinhAw)^^'^^/'^dM. 

3.3 The eigenvalue set 

In this subsection, we show that the expansion of the volume density function obtained in Lemma 0] 
gives strong restrictions on the eigenvalue set A. After few steps, this, together with the nonpositivity 
of the curvature, leaves only two possibilities: either A = {A}, or A = {^A, A}, with Jf X — — A^||Z|pX 
for all X G nA/2, Z G n^- This completes the proof of the Theorem as the former one corresponds to a 
hyperbolic space and the latter one to a Damek-Ricci space. 

Lemma 5. 1. We have: 

aua ^ (X - a)nx-a ^ ^ &f = ^Tr( , for any a £ A, a ^ X, X/2 (20) 

i:Ai=Q! 
P 

A'nA/2 = 2^a,'=Tr(J^4)|„^^^, */A/2eA. (21) 

1=1 

In particular, for any a e (0, A), a G A A — a G A; for a G A \ {A}, Ua n (Ker J^)^ ^ 0. 
2. Ac [iA, |A]U{A}. 

Proof. 1. The harmonicity of G implies that V{t, (f) = V{t, 0), for all </>, and so, by p9|l . 

k p m 

^f,(t) + 2^y,(t)+^{;i(t) = 0, (22) 

j=i 1=1 1=1 

with Xj{t), yi{t) and vi{t) given by H16|l . H17() and (|18|l . respectively. The expression on the left hand side 
is a linear combination of the coth's. Note that for any finite set of positive numbers fii > fi2 > ■ ■ ■ > fJ'N, 
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the functions coth(/is<) are linearly independent. For if some linear combination Cg coth^figt) vanishes 
for alH e M \ {0}, it will still vanish for all t E C, outside the union of the poles of the meromorphic 
functions coth(/isi). However, the function coth(/iit) goes to infinity when t — > iri/iii, while all the 
others stay bounded. So ci = 0, and, inductively, all the c^'s are zeros. 
Equating the coefficients of coth at in to zero, we find: 

For a e A, a < I : E,:A,=. + E.a,=. ^ife^ = «, and so 2aA(#{j : A, ^ a} + #{l : 

A; = a}) = J2i-Xi=a ^f- '^^^ expression in the brackets is dim(nQ n KerJ^) + dim(nQ, n (KcrJ^)^) = Ua 
(by assertion 2 of Lemma QJ. So 

2aAn„= ^ &f = Tr(J^ j|)|„^, 

the latter equation follows from the definition of the fcj's. The same formula remains true also for 
a G A n (f, A) (replace A; by AJ in the above computation). Since JzUq C Ha-q, Jzn\-a C Ua, and 
the operator Jz is skew symmetric, Tt{J^J^)^„^ — Tt{J^J^)^„^_^. We get 

2aXna = 2(A - a)AnA-Q = "Tr{JzJz)\n^^ 

which proves H2()(l . Next, for a = A/2, the coefficient of coth -I t on the left hand side of H22|l is 
: A, = A/2} - 2ELi ^ = 0- so 

p 

A2n;,/2 = 2^a? = Tr(J^j|)|„,^,, 

i=l 

which is H21() . It can be seen that the coefficient of coth At does not give anything new. 
The fact that n (KerJ^)-^ 7^ for a 7^ A follows from (pniET|l . as a.. hi ^ 0. 

2. For a e A, a 7^ A, let = dini(nQ, n (KerJ^)^). As it follows from assertion 1, > 0, and 
obviously Iq < ?t.q. Moreover, as Jz is skew-symmetric and as Jz^a C n\ 

— Q; we have Zq, — za— a? so 

< Zq ZA-Q < "-QiJ^A-Q- 

For a unit vector ^ e n„ n (KerJz)-^, R{Z, V, V, Z) = jWJzVW^ ~ Xa (from the third line of lfT5|l . 
with q — 0,^ — 1). As the curvature is nonpositive, || JzV^lP < 4Aa, and so, by (|2()|l . 

aria = (A-a)7iA-a = (2A)"^Tr( = (2A)"iTr( J|)|n^n(KerJz)^ < 2ai„- 

Hence (A — a)ia < (A — Q!)rzA-a < 2azQ,, which shows that a > A/3. The fact that a < 2A/3 follows 
from assertion 1. 

3. For a ~ A/3, the above inequalities become equations, and we obtain: 

n\/3 = 2ix/3, (-^l)|n;,/3n(KorJz)-L = - | idn^/3n(Ker Jz)-L , 
n2\/3 - «A/3, Wz)|n2A/3 ^ ^3-^ ^^»2x/3 

(the latter equation follows from the fact that rz2A/3 — i\/3, so n2A/3 -L KerJ^). □ 
Lemma 6. A c {|A, ^A, |A, A}. 

Proof. We use equation (4.1) from the proof of Theorem 4.14 of | H2| . in slightly different notations. 

Let A — {ai, . . . , un} and c = TrD^/TrZ). In an orthonormal basis {ei, . . . , Cn} for R^, let F be a 
set of vectors {e^ + — : ai + aj — ak, z < j}- Then 

(rzai(c- ai), . . . ,nQ„(c- Q!Ar))* G Span(i^). 
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Now assume there exists a e A such that a G (A/3, A/2). Choose the labelhng in such a way that 
ai ^ a, a2 — ^ — a, ajv — A. Then (by assertion 2 of Lemma [S)) the only relation of the form 
ai + aj ~ ak involving a is ai + a2 = oat (and the same is true for A — a). So -F contains a vector 
(1, 1, 0, . . . , 0, — 1)*, and the first two coordinates of all the other vectors from F are zeros. Hence 
na{c — a) — nx-aic — (A — a)). This contradicts the fact that a = (A — a) tia-o, which follows from 



□ 



Lemma 7. 1. For any X € n\/2, Z € xix, we have J^X = — A^||Z|pX. 
2. //A/2 e A, then A {A/2, A}. 

Proof. 1. Let Z e tia be a unit vector. From the second Ledger formula Tri?|- 
Ra = -D"^ (by ®, with $ = 0, g = 1), 



TtR\. 



As 



(24) 



where we used the fact that 



"A/3 



= 2n 



2A/3- 



On the other hand, from ((T5|l . with q = 0, ^ — 1 and jS^J, 



RzX 





X A, 


-X^X 


X enx,X ±z, 


-^x^x- 


-\JlX Xenx/2, 


-iA^X 


X e ri2A/3, 


-lA^X 


X e nx/3 n KerJ^, 





X enx/sn (KctJz)^ 



and so Tri?| 
the fact that 



A4 + A4(nA - 1) + ^nx/2 - ^Tr( J|)„,/, + 



feTr(J2 J|)^^^^ 



16 



-"■2A/3- 



-"-2 A/3, usmg 



«A/3 = »^2A/3 



from 123|l . Equating Tri?| to the right hand side of (|24(l and substituting 



Tr(J2J|)|n;,/2 = A2nA/2 from |(2TJ we find T^T^{JzJz)fn^^2 " '^'^"'^/2- dimnA/2 = '^a/2 by definition, 
and the operator J^J^ is symmetric, the equations Tr(J2J|)|n^/2 ~ A^nA/2, T^^{Jz'^z)'\nx/2 ~ ^^'^>^l'^ 
imply that (JzJ|)|n;,/2 = ^^idj^^^^. 

2. We again use the second Ledger formula QJ, Tri?^ — Tri?^, this time with a unit vector 
X G nA/2- A direct computation based on and the fact that {JyX, JzX) — X^ {V, Z)\\X\\'^ for 
y, Z e riA, -'^ G nA/2, which follows from assertion 1, gives 



RxY 



^\X^A 
^\X^Y 
^\X^Y 

-iA2y 

-IX^Y 
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a: 



1" e Ha, 
e nA/2, 

Y e n2A/3: 

e nA/3. 



Y LX, 



We first compute the trace of R\ on nA/2- Let Yi, . . . , Yn^^^-ii = be an orthonormal basis for 

nA/2. Then 



Tr(i?3f 



|nA/2 - 16 



A"' 

Y^K/2 



1) 



1) 



3A' 



"X/2- 



15A- 
16 



s=l 

2 "A/2- 

E 



l[^,>^.]ll 
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16 



s=l 



F 



x\ 
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as II J[x,ys]-^|| = A ll[^'^s]ll by assertion 1. Now, with Zi, . . . , an orthonornial basis for Wx, we 
have 

"A/2-1 nA/2-1 riA riA 

s—1 s — 1 i—1 i—1 

So Tr(i?2^)|„^^^ = - 1) + ^"A, hence 

Comparing this to H24|) we get n2x/3 = 0, and then n^/s = by assertion 1 of Lemma |31 □ 

As it foUows from Lemma if A/2 e A, the solvmanifold G is a Damek-Ricci space. Also, if 
A = {A}, G is the hyperbolic space. To finish the proof it remains to show that the case A — {^A, |A, A} 
is impossible. 

Lemma 8. A 7^ {^A, |A, A}. 

Proof. Assume A = {-^A, |A, A}. Combining the results of Lemma|21and LemmaEl we obtain that the 
volume density function V{t, (f) along the geodesic is 

V{t,(t>) = A^^sinhAt {xo{t,(t>)Y'^-^ (det 0))"^^/% 

with the functions a;o(i, <^), x{t, (j)) and the 2 x 2-matrix v{t, (p) determined by 

io = A^a;o, a;o(0, 0) = 0, io(0, (/i) = 1, 

X ^ ^il + 2^'^)x, a;(0,(/))=0, i(O,0) = l, 

where J — ( _?i q ). Clearly, xq — A^^ sinh At and 

V{t 0) = ^ sinh At ^ ^ sinh( At/3) ^ ^"^ ^ sinh(2 At/3) ^ "^^/^ 

so to prove the Lemma it remains to show that 

x{t, 0) det v{t, (j)) ^ sinh^ sinh ^t. 
This is indeed the case, as the Taylor expansion of x{t, (j>) det v{t, (/)) at i = is 

x{t,(t)) detw(t,0) =t^ + + + (81 - 27cos2(</>) + 15 cos*(</.) - cos^(</>)) + o(t^), 
which explicitly depends on cj) (the expansion was obtained using Maple). 

□ 
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